We review here some of the results on the Hamiltonian structure of the multifield elasticity of complex bodies contained in our paper l\l, discussing further the physical meaning of our proposal.
INTRODUCTION
The current use of complex materials in nano-technology opens delicate problems in mechanics. In certain circumstances, in fact, even the application of the basic axioms such as the standard notion of body or the possibility to identify perfectly the material element seem to be questionable. The modeling of new materials sometimes requires new tools or at least new points of view. Their substructure influences the macroscopic behavior and this influence often becomes crucial in technological applications. It is thus necessary to account for a direct description of the substructure in the macroscopic modeling of complex materials. Multifield theories seem to be an adequate general tool to describe a wide class of material substructures. In standard continuum mechanics, the material element is considered as a "monad" collapsed into a point in space and then one evaluates the interactions due to the crowding and the shearing of neighboring material elements. When the body is endowed with complex substructure, the material element cannot be interpreted as a monad, rather it is a "system" and not necessarily a Lagrangian system with perfectly identifiable elements. Descriptors of this system must be introduced and are chosen as elements of some differentiable manifold with metric structure. Interactions are associated with the rate of these descriptors and measure the power needed for morphological changes of the substructure (see 12, 3/).
Preliminary results toward the analysis of the Hamiltonian structure of multifield theories describing complex materials are presented here.
1. We prove the invariance under general Lie groups of transformations (covariance) of the balance of substructural interactions, instead of requiring only the special invariance under SO(3).
2. We show that the extended Eshelby stress is a consequence of the symmetry with respect to morphological mutations described by a general class of diffeomorphisms.
Finally, we construct adequate Poisson brackets in the material representation to account for general material substructures. They allow us to represent in concise form the Hamiltonian balances and introduce interesting geometrical properties in the structure of the state space of complex materials. 
LAGRANGIAN FORMALISM FOR COMPLEX BODIES
Let Β be the regular region of the three-dimensional Euclidean space Ε (with translation space Vec) occupied by the body in its reference place. The current morphology of the body is described by two sufficiently smooth maps: the placement map x*:B-»E and the order parameter map v": B-»M, where Μ is a finite-dimensional differentiable manifold without boundary. In particular, the map x" associates to each material element at X in Β its current place x=x*(X), preserving orientation and such that the current place of the body, namely B*=x"(B), is also a regular region 1 . As usual we indicate by F the gradient of x; the assumption that x* is orientation preserving implies that, at each X, F(X) has a positive determinant. Since we are treating complex bodies, from a geometrical point of view we consider the material element as a "system" and the order parameter v=v*(X) at X is just a coarse grained descriptor of such a system. We remark that the system within a material element, i.e., the material substructure within it, is not necessarily a Lagrangian system in the sense of the mechanics of point particles. It does, for example, in the case of nematic liquid crystals in which each material element contains a family of stick molecules embedded in a melt, but it does not for microcracked bodies because each microcrack (considered either as a sharp planar defect not interpenetrated by interatomic bonds or as an elliptic void) does not exist per se, rather it is determined by the surrounding matter.
We do not specify the nature of v, leaving it undetermined to cover a class of special cases as large as possible. However, we presume that Μ is endowed with a metric and a physically significant connection. 
Can be defined and is such that the total Lagrangian LB of Β is given by 
where ρ is the referential mass density, χ the kinetic co-energy 121, e the elastic energy density and vv the density of the potential of external actions.
If L is sufficiently smooth, we may apply standard procedures to derive appropriate Euler-Lagrange equations given by
where 3y means partial derivative with respect to the argument y.
Note that in view of our hypothesis on the existence of a physically significant connection over M, the term dvvL, indicated by S, can be strictly interpreted as a stress, that we usually call microstress, and measure contact interactions between neighboring material elements, while dvL, indicated by ζ -β, collects possible external actions over the substructure (β), like for example the ones generated by electric fields, and internal self-actions (z) of the substructure within each material element on itself.
We now investigate consequences of invariance requirements (symmetries) for L. Basically, we imagine to vary virtually three basic geometric ingredients of our treatment, namely the reference place Β of the body, the ambient space Ε and the representation of the manifold of substructural states M, and to require invariance of L with respect to such virtual variations that have different physical meanings. To this aim we select two families of diffeomorphisms, namely s,e [0, S;*]->f, with i=l, 2, acting respectively on Β and E, and a Lie group G of transformations of M. We indicate by a prime the derivative with respect to the relevant s.
a. At each s,, f 1 * acts on Β so that X-> fVx, Si) eE, is isocoric, i.e., Div (f 4 '#)=0, and f\(X, 0)=X for any X. We denote also by w the value ^'«(X, 0).
» is a diffeomorphism that transforms Ε into itself. We assume that f% coincides with the identity at s 2 =0 and denote by v* the value f%(x, 0). 
We now set
Theorem 1.
If the Lagrangian density is invariant under fV f 2 *, and G, then
Corollary.
The following statements hold:
a. If only acts on L leaving ν arbitrary, (9) reduces to the pointwise balance of forces
where b = -d x w is the vector of external body forces, Ρ the first Piola-Kirchhoff stress, and the dot means time derivative.
b. If only G acts on L, with the identification s 3 = t, we obtain from (9)
c. Let f 2 * be such that ν = tn x (x-xo), with Xo an arbitrary fixed point in space, and G=SO (3) with ra x an element of its Lie algebra, thus ξ*(ν) = Atn at each X. If f 2 and G act alone on L and L itself is independent of x, then
where e is Ricci's alternating tensor and skw(·) extracts the skew-symmetric part of its argument; the superscript "t" denotes the minor right transposition.
d. If only f 4 * acts on L leaving w arbitrary but isocoric, (9) reduces to the pointwise balance
where Ρ = el -F T P -(Vv) T S is the modified Eshelby tensor for complex bodies introduced in /3/ and I is the second-order unit tensor.
e. Let be such that w = tn χ (X-Xo), with X 0 an arbitrary fixed point in space, and G=SO(3) with tn χ an element of its Lie algebra, thus ξ*(ν) = Atn at each X. If f 2 and G act alone on L, and the material is homogeneous, then
Item (a) of the corollary states the standard covariance of the balance of forces: the invariance with respect to arbitrary changes of observers, i.e., with respect to arbitrary changes of the representation of the ambient space. Since f* is isocoric, its action on Β can be interpreted as a virtual mutation of a possibly existing scattered distribution of inhomogeneities (defects) throughout the body. In other words, (13) is the balance of interactions arising in Β when the body mutates its structure.
HAMILTON EQUATION AND POISSON BRACKETS
Let us define the "canonical momentum" ρ and the "canonical substructural momentum" μ by
We may then define the "Hamiltonian density" Η by
so that it has partial derivatives with respect to its entries; some of them are the opposite of the corresponding derivatives of L. The system of balance equations in Hamiltonian form corresponding to (4), (5) is then given
Consider now a boundary value problem of the type x# = x° and v# = v° over the boundary SB of B, where x° and v° are assigned values.
In addition, take into account functional of the type F = J F so that the total Hamiltonian Η of the Β body is given by H(\, ρ, ν, μ,) = J H(X, x, p, F, ν, μ, Vv), and indicate with (δ/öy) the variational Β derivative with respect to the entry y.
Theorem 2
The canonical Hamilton equation
is equivalent to the Hamiltonian system (17), (18) 
